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Abstract
We show that a general solution to the extended holomorphic anomaly equa-
tions for the open topological string on D-branes in a Calabi-Yau manifold,
recently written down by Walcher in arXiv:0705.4098, is obtained from the
general solution to the holomorphic anomaly equations for the closed topo-
logical string on the same manifold, by shifting the closed string moduli by
amounts proportional to the ’t Hooft coupling.
June 2007
Recently Walcher [1] showed that topological string amplitudes with D-branes in
compact Calabi-Yau manifolds satisfy a set of differential equations, which generalize
the holomorphic anomaly equations of [2] (henceforth referred to as BCOV). We would
like to point out that a general solution to Walcher’s equations is simply related to
a general solution to the original holomorphic anomaly equation for closed topological
string theory on the same manifold.
Walcher’s extended holomorphic anomaly equation is,
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derived under the assumption that the topological string amplitudes do not depend on
any continuous open string moduli [1]. This equation is valid for (2g − 2 + h + n) > 0,
except for F
(1,0)
i and F
(0,2)
i for which there are additional terms in the equation, which
we will also take into account below. The ingredients are F
(g,h)
i1,...,in
, which are topological
string amplitudes with worldsheet genus g, h boundaries and n insertions of closed
string marginal operators indexed by i1, · · · , in; C
jk
i¯ = C i¯j¯k¯e
2KGjj¯Gkk¯, where C i¯j¯k¯ is the
Yukawa coupling and indices are raised and lowered using the Zamolodchikov metric
Gij¯ = ∂i∂j¯K; and ∆
j
i¯
= eKGjk¯∆i¯k¯, where ∆i¯k¯ is the disk amplitude with two insertions.
Note that these are different to the ∆ (with or without indices) that appear in BCOV,
which we will denote as ∆ˆ below. This equation provides a recursion relation for open
topological string amplitudes in terms of contributions of lower genus g or boundary
number h. Since this equation specifies only the anti-holomorphic dependence of each
amplitude, there is an additional holomorphic ambiguity, consisting of a holomorphic
function at each genus and each number of boundaries.
Following BCOV, we define the generating function for open topological string am-
plitudes,
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where the sum is over g, h, n ≥ 0 such that (2g − 2 + h + n) > 0, λ is the topological
string coupling constant, and µ is the ’t Hooft coupling constant, namely λ times the
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topological string Chan-Paton factor. In the last term on the right, χ is the Euler
characteristic of the Calabi-Yau manifold and N is the number of open string ground
states with zero charge. This term contributes to the holomorphic anomaly equations
for F
(1,0)
i and F
(0,2)
i , reproducing (3.10) of BCOV and (2.87) of Walcher respectively.
The generating function W satisfies an extension of BCOV’s equation (6.11) by a µ-
dependent term, namely,
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which reproduces the open topological string holomorphic anomaly equation (1) for each
genus and boundary number.
Our key result is that equation (3) can be rewritten in the same form as the closed
topological string analogue by simply shifting
xi → xi + µ∆i, ϕ→ ϕ+ µ∆, (4)
where ∆i and ∆ are defined modulo holomorphic ambiguities by ∆i¯j¯ = e
−KGj¯k∂i¯∆
k =
e−KDi¯Dj¯∆. After this shift equation (3) becomes,
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This is exactly the same as BCOV’s original equation (6.11) for the closed topological
string, with the µ-dependent term absorbed by means of the shift (4).
Our result follows from a straightforward application of the chain rule: noting that
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The first is the additional µ-dependent term on the right of (3). Using Gi¯j∆
j = ∆i¯,
the second term combines with the second term on the right of (5) to give −Gi¯j(x
j +
µ∆j) ∂
∂ϕ
eW , which is required for matching powers of x + µ∆ in the expansion of the
generating function. Thus we have reproduced the open topological string holomorphic
anomaly equations from the closed topological string holomorphic anomaly equations,
simply by a shift of variables.
An immediate consequence of this is a general proof of the Feynman rule method
of solving the open topological string anomaly equations appearing in subsection 2.10
of Walcher. Since our shifted W satisfies the closed string differential equation (5), the
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proof of the closed string Feynman rules presented in subsection 6.2 of BCOV applies
immediately. The shift has, in fact, an elegant interpretation in terms of the Feynman
rules. Equation (6.12) in BCOV defines the function,
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where the ∆ˆij are the inverses of the corresponding propagators S
ij . Expanding Z =∫
dxdϕ exp(Y +W ) in powers of λ then produces the full Feynman diagram expansion
of the closed topological string amplitudes. The shift (4) produces the additional terms
appearing in the open string Feynman diagrams, shown in subsection 2.10 of Walcher.
In field theory language, the shift effectively generates the vacuum expectation values
〈xi〉 = ∆i and 〈ϕ〉 = ∆, and so terms containing ∆i and ∆ correspond to diagrams with
tadpoles.
The simple reformulation of the open string anomaly in terms of the closed string
anomaly should also make it possible to apply Yamaguchi and Yau’s [3] reformulation
of the closed string amplitude diagram expansion to the open string case, which would
give a computationally more tractable formulation than the Feynman diagram rules used
here.
This open-closed relationship is reminiscent of large N duality, where the background
is shifted by an amount proportional to the ’t Hooft coupling. It would be interesting to
explore the implications of this for the Gromov-Witten and Gopakumar-Vafa invariants.
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